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CONSERVATION LAWS AND LIAPOUNOV STABILITY 

OF THE FREE ROTATION OF A R I G I D  BODY 

John P .  V in t i  

M.I.T. Experimental Astronomy Laboratory,  Cambridge, Massachusetts 

ABSTRACT 

The paper de r ives  t h e  w e l l  known s t a b i l i t i e s  of f r e e  ro- 
t a t i o n  of a r i g i d  body about i t s  p r i n c i p a l  axes of l e a s t  and 
g r e a t e s t  moments of i n e r t i a  d i r e c t l y  from t h e  constancy of t he  
k i n e t i c  energy and of t h e  square of t h e  angular momentum. The 
r e s u l t i n g  proof of Liapounov s t a b i l i t y  y i e l d s  new q u a n t i t a t i v e  
measures of t h i s  s t a b i l i t y .  Involving only simple algebra,  it 
depends on the  f u l f i l l i n g  of a weak s u f f i c i e n t  condi t ion t h a t  
i n su res  an unchanging s ign  of t h e  main component of t h e  angular 
ve loc i ty  w. The method cannot be used, however, t o  prove t h e  
w e l l  known i n s t a b i l i t y  of  r o t a t i o n  about t h e  intermediate  a x i s ,  

The q u a n t i t a t i v e  r e s u l t s  f o r  t h e  r a d i i  of t he  spheres  i n  
w-space t h a t  occur i n  t h e  Liapounov proof lead t o  a phys ica l  re- 
s u l t  t h a t  may be of i n t e r e s t .  If  t h e  Earth w e r e  t r u l y  a r i g i d  
body, r o t a t i n g  f r e e l y ,  the  angular devia t ion  of i t s  instantaneous 
polar  a x i s  from t h e  nea res t  p r i n c i p a l  a x i s  could no t  i nc rease  
from a given i n i t i a l  value by more than t h e  f a c t o r  a. 

These same q u a n t i t a t i v e  r e s u l t s  f o r  t he  r a d i i  of t h e  Lia- 
pounov spheres  i n  cu-space a l s o  lead t o  s u f f i c i e n t  condi t ions  f o r  
t h e  r o t a t i o n a l  s t a b i l i t y  of almost sphe r i ca l  bodies  of var ious 
shapes,  p r o l a t e  or o b l a t e .  They may be p e r t i n e n t  i n  designing 
"spheres" t o  be used i n  c u r r e n t l y  planned experiments t o  test 
genera l  r e l a t i v i t y  by observing t h e  r a t e  of precession of a ro- 
t a t i n g  sphere i n  o r b i t  about t h e  Earth.  
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- 
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1. I n t e q r a l s  of t h e  Motion. 

L e t  A ,  B, and C be t h e  moments of i n e r t i a  of a r i g i d  body 
about i t s  p r i n c i p a l  axes,  with A<B<C, l e t  1 1 and lC denote 
u n i t  vec tors  a t tached t o  those axes,  and l e t  u1,co2, and LD 

the  r e spec t ive  components of t h e  body's angular ve loc i ty  about 
those  axes.  

Then, for  free motion or f o r  motion i n  a uniform g rav i t a -  

A '  B '  
be 3 

t i o n a l  f i e l d ,  i t s  angular momentum 

L 'c, = 1AAwl-tlBBu2+lCCco3 

and i t s  k i n e t i c  energy of r o t a t i o n  T, given by 

2 2 2 
ALD +Bu2 +Cu3 = 2 T  1 

both taken r e l a t i v e  t o  the  center  of mass a s  o r i g i n ,  a r e  con- 
s t a n t .  From (1) there a l s o  fol lows:  

2 2 2 2 2 2  2 
A u1 +B w2 +C co3 = L = cons t  

'c, 

This no te  shows t h a t  the  i n t e g r a l s  of motion ( 2 )  and (3)  guaran- 
tee Liapounov s t a b i l i t y  of r o t a t i o n  about e i t h e r  of t h e  axes lA 
o r  IC, without recourse t o  the d i f f e r e n t i a l  equat ions of motion. 
I t  a l s o  shows, however, t h a t  these i n t e g r a l s ,  a lone,  do no t  suf -  
f i c e  t o  prove Liapounov i n s t a b i l i t y  of r o t a t i o n  about t h e  i n t e r -  
mediate a x i s  1 

2 .  The Cases where t h e  I n i t i a l  Anqular Veloci ty  w i s  S t r i c t l y  along 
One o f  t h e  P r i n c i p a l  Axes. 

B "  

% 

I f  one sets t h e  t i m e  d e r i v a t i v e  of L equal t o  zero,  one ob- 
t a i n s  the usual  Euler ian f i r s t - o r d e r  d i f f e r e n t i a l  equat ions.  If 

t h e  i n i t i a l  cu(0) i s  equal t o  any of lAul ( 0 ) ,  lBu2(0),  or  l C u 3 ( O ) ,  
it then follows t h a t  u ( t )  remains equal  t o  t h i s  i n i t i a l  value.  

L e t  us at tempt  t o  ob ta in  these  r e s u l t s  from ( 2 )  and (3 )  

Y 

'c, 

Y 

alone,  p u t t i n g  

.. 
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(k=1,2,3). 

F i r s t  mul t ip ly  ( 2 )  by A and s u b t r a c t  t h e  r e s u l t  from ( 3 ) ,  t o  
ob ta in  

2 2 2 2 B (B-A U2 +C (C-A ) U3 =B (B-A ) Uz0+C (C-A) o~~ 

N e x t  mul t ip ly  ( 2 )  by C and s u b t r a c t  (3 )  from t h e  r e s u l t ,  t o  
ob ta in  

2 2 2 2 
A ( C - A ) U ~  + B(C-B)CO~ = A ( c - A ) u ~ ~  + B ( c - B ) u ~ ~  

F i n a l l y ,  mul t ip ly  ( 2 )  by B and s u b t r a c t  ( 3 )  from the  r e s u l t , t o  
ob ta in  

(6 1 2 2 2 2 
A(B-A)ml  -C(C-B)(u3 = A(B-A)U10-C(C-B)030 

Since A<B<C, a l l  t e r m s  i n  (4) and (5)  a r e  p o s i t i v e .  Thus, from 
(4), i f  L U ~ ~ = L U ~ ~ = O ,  i t  fol lows t h a t  0 2 ( t ) = a 3 ( t ) = 0  fo r  a l l  t .  
S imi l a r ly ,  from (5), i f  
f o r  a l l  t. O n  t h e  o ther  hand, if t h e  i n i t i a l  r o t a t i o n  i s  about 
t h e  in te rmedia te  a x i s ,  so t h a t  010=co30=0, 

ol(t)=u) ( t ) = O ,  al though t h e  s ta tement  happens t o  be t r u e .  

vs .  o 

it fol lows t h a t  ul'(t)=a2 ( t ) = O  

(6) does not  show t h a t  

3 

a r e  el l ipses and Eq.(6) shows t h a t  t h e  graph of o1 vs .  
i s  a hyperbola.  These f a c t s  suggest  some conclusions t h a t  

a r e  w e l l  known: with respec t  t o  small changes i n  t h e  i n i t i a l  
condi t ions ,  t h e  r o t a t i o n  i s  stable i f  i t  is about lA o r  lc f  b u t  
uns tab le  i f  i t  i s  about lB(MacMillan 1966).  

E q s ,  (4) and (5)  show t h a t  t he  graphs of w2 vs .  o3 or  of u1 

2 
w3 

3 .  Liapounov S t a b i l i t y  
These conclusions about s t a b i l i t y  a r e  old and t h e  free 

motion of a r i g i d  body has  had exhaust ive t rea tments  i n  the  
l i t e r a t u r e ,  a n a l y t i c a l l y  wi th  e l l i p t i c  func t ions  and geometri-  
c a l l y  w i t h  Poinsot  e l l i p s o i d s ,  polhodes, and herpolhodes.  It  

is of some i n t e r e s t ,  however, t o  demonstrate the s t a b i l i t y  
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2 of free r o t a t i o n  about 1 o r  1 s o l e l y  from t h e  constancy of L 
A C % 

and T and t o  show t h a t  i t  i s  of the  Liapounov type (L-type). 
I n  t h i s  way w e  o b t a i n  q u a n t i t a t i v e  measures of t h e  s t a b i l i t y .  

The c o n t r a s t  wi th  the motion of a p a r t i c l e  i s  important .  
p a r t i c l e  motion i s  described by a d i f f e r e n t i a l  system of the 6 t h  
orde;-. I n  t h a t  ca se  Liapounov s t a b i l i t y  of equi l ibr ium means 
t h i s :  i f  t he  p a r t i c l e  i s  d isp laced  s l i g h t l y  from a p o i n t  P of 
equi l ibr ium i n  t h e  (met r ic ized)  six-dimensional phase space,  
the  phase p o i n t  w i l l  always remain i n s i d e  a six-dimensional 
sphere of r a d i u s  F: and cen te r  P whenever t h e  i n i t i a l l y  d isp laced  
phase p o i n t  l i e s  i n s i d e  some l ike-centered  six-sphere of r a d i u s  
h = 8 .  Examples a r e  f e w ,  e .g . ,  t h e  l i n e a r  o s c i l l a t o r  and motion 
about a t r i a n g u l a r  Lagrange p o i n t  L4 i n  t h e  r e s t r i c t e d  problem 
of t h r e e  bodies  (Po l l a rd ,  1966, D e p r i t  and Deprit-Bartholome, 
1967), I n  view of the r e v i v a l  of i n t e r e s t  i n  L - s t a b i l i t y  by 
t h e  Lagrangian L4 r e s u l t ,  it may be u s e f u l  t o  show e x p l i c i t l y  
t h a t  r o t a t i o n a l  s t a b i l i t y  i s  of t h e  Liapounov type.  I n  t h i s  

c a s e ,  i n s t ead  of phase space, w e  d e a l  with 3-dimensional a-space. 
There i s  then  Liapounov s t a b i l i t y  of r o t a t i o n a l  equi l ibr ium a t  
LU = a. i f  there e x i s t s  a 6 = t: such t h a t  when cui i s  changed by 
6cui, t h e  r e s u l t i n g  o ( t )  always s a t i s f i e s  \ a ( t ) - W .  I <  6 i f  

< 

f 

-d 

< 
cc, -1 

% .-u -1 

4 ,  Free Rotat ion about 1, 

Since (ao,O,O) i s  an equi l ibr ium p o i n t  i n  the  a-space, any 
.-u/ 
\ it i s  thus  L-stable  i f  t h e r e  e x i s t s  a 6 = G such t h a t  motion near 

whenever 

( 7 )  

With no loss of g e n e r a l i t y ,  w e  may t ake  w l ( 0 ) a  10 =w 0'  s i n c e  it 
i s  only  the  non-vanishing of a20 and u)30 t h a t  produces any 
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A depar ture  from r o t a t i o n  about 1 

2+(1, < 
O20 3 0  

Now, from (4) 

so t h a t  

and 

alone. Then (8) becomes 

b2 

2 .  

2 2 C C-A 2 
32 20 < - B - B-A w30 

2 2 B B-A 2 
3 C C-A %O UI < Lu30 + - -  

From (5), with wlo=w0, w e  f ind  

2 2 B  - -  
"0 'Lux - A 2 ,  

C -B 
C-A (%.? 
_I_ 

B C-B 2 
A C-A cu2 

< - -  

I n s e r t i o n  of (11) i n t o  (14) g ives  

2 2 B C-B 2 C C-B 2 
A C-A 2 0  A B-A w30 Uo -a1 e - - + - -  

(9) 

This r e l a t i o n  g i v e s  no information about t h e  s ign  of wl, which 
w e  must now consider .  

f o r  c<1u01. 

no t  change s ign .  To do so, note  t h a t  i f  it does,  it must go 
through u1=O, i n  which case (15) would become 

Note e s p e c i a l l y  t h a t  i f  o1 changes s ign ,  
-03 ) 2  w i l l  a t  some t i m e  exceed cu and ( 7 )  cannot be f u l f i l l e d  ("1 0 0 

L e t  us  t h e r e f o r e  impose t h e  condi t ion t h a t  u1 s h a l l  

2 B C-B 2 C C-B 2 
0 A C-A 20 A B-A Lu30 0 < - -  + - -  

I f  we  now deny (16), w1 cannot change s ign  and w e  s h a l l  no t  have 
ru led  out  s t a b i l i t y .  Thus 

2 B C-B 2 C C-B 2 
0 A C-A (%(I A B-A w30 03 > - -  + - -  

-4- 



1’ 
i s  a s u f f i c i e n t  condtion f o r  no change of  s i g n  of cu 

an upper bound on ICO -a 1 .  To obta in  i t ,  note f i r s t  t h a t  
To p l ace  an upper bound on ( L O ~ - C D ~ ) ~  i n  ( 7 ) ,  w e  need f i r s t  

2 2  
1 

2 2 B C-B 2 
O1 -0 A C-A %?O I 

< - -  

by ( 1 3 ) .  If w e  now i n s e r t  (10) i n t o  (13), we a l s o  f ind 

2 ,  
2 2 C C-B 2 a -u) = - -  1 0  A B-A (Lu3 -w30 

> - - -  C C-B 2 
A B-A co30 

2 From (18) and (20) it fol lows t h a t  lal -oo2( i s  less than e i t h e r  
of (1 1 and - - C-B w and t h e r e f o r e  less than t h e i r  sum , 

B(C-B)  (u 2 
A(C-A)  20 A B-A 30 

so t h a t  

Now 

A l s o ,  s ince  CD 1 (0)alowo, it fol lows t h a t  Iruo+wl~>~cuo(, if we  
impose t h e  s u f f i c i e n t  condi t ion  (17) t h a t  LU does n o t  change s ign .  
Then 

1 

1. Of course i t  i s  a c t u a l l y  less than h a l f  t h e i r  sum. I f ,  however, 
we should thereby at tempt  t o  sharpen t h e  proof ,  w e  should f ind  
formulae connecting c and 6 t h a t  would n o t  guarantee t h e  f u l -  
f i l l i n g  of (17) whenever c: l ~ , ] .  

-5- 



But ( 2 1 )  g i v e s  an upper bound f o r  (m12-cuo2)2 and (17 )  f o r  l/uo 2 . 
I n s e r t i o n  of t hese  bounds i n t o  (23)  then g ives  

2 B C - B  2 + C - , , 2  
A C-A %0 A B-A 30 (u1-wo) < - - 

From (ll), ( 1 2 ) ,  and (24) i t  then fol lows t h a t  

Since A<B<C, it fol lows t h a t  [ I,< [ I , ,  so  t h a t  

Thus we have 

if 

2+o < b2 u20 30 

where 

provided t h a t  

2 B C-B 2 C C-B 2 
0 A C-A 20 A B-A 0330 (JJ > - -  + - -  

2 2 
W i t h  the very permissive assumption t h a t  E < cu0 , t he  re- 

l a t i o n s  (28)  and (29) guarantee t h e  f u l f i l l m e n t  of the  proviso 
( 1 7 ) ,  so t h a t  t h e  l a t t e r  may be dropped a s  an e x p l i c i t  condi t ion.  

2 2  To show t h i s ,  no te  t h a t  i f  <cue , (28)  and (29) lead t o  

2 2 2+u ul A B-A B B-A)%O 30) < c u ~  
C C-B + C C-A I (1-t. - - 

-6 - 



Then 

C C-B 2+w 2 - -  
A B-A (%!(I 30) < u1 < O30 

But from A<B<C, 

- - < - -  B C-B C C-B 
A C-A A B-A * 

so t h a t  

B C-B 2 C C-B 2 2 + - -  < coo I 
-- 
A C-A 2 0  A B-A 30 

which i s  (17) .  This proves t h e  s ta tement .  

main i n s i d e  a sphere of r ad ius  6 < I w  \ with center  (wo,O,O) , i f  
i t  l i e s  i n i t i a l l y  i n s i d e  a l ike-centered sphere of r ad ius  

Then f o r  a r b i t r a r i l y  small  6 ,  t h e  w-point w i l l  always re- 
% 

0 

1 - -  
C + C C-A] 2 ' = 'k+ A B-A B B-A 

( 3 3 )  

(34) 

Thus t h e  free r o t a t i o n  about t h e  a x i s  of smal les t  moment of in -  
e r t i a  i s  Liapounov-stable. N o t e ,  however, t h a t  i f  A=B, so t h a t  
t h e  C-axis is an a x i s  of symmetry, 6 vanishes.  Thus fo r  a body 
with an a x i s  of symmetry, the proof of Liapounov s t a b i l i t y  f a i l s  
for  r o t a t i o n  about any a x i s  perpendicular  t o  the a x i s  of symmetry. 

5 .  Free Rotat ion about 1 

I f  t h e  a-point  i s  i n i t i a l l y  a t  (O ,O,o  ) ,  it remains unchanged. 

Mult iply ( 2 )  by C and s u b t r a c t  (3) from t h e  r e s u l t ,  t o  ob ta in  

c\, 0 
Suppose now t h a t  the i n i t i a l  p o i n t  i s  changed t o  (w10,w20,uo). 

from which 

2 2 B C-B 2 
A C-A 0320 w1 < ol* + - - 

-7- 



and 

2 2 A C-A 2 
B C-B w l o  u2 < w20 + - - ( 3 7 )  

Next mul t ip ly  ( 2 )  by  A and s u b t r a c t  t h e  r e s u l t  from (3), t o  f ind  

2 2 B B-A 2 2  
wo -w3 = - C - C-A ( 5  - 9 0 )  , 

where ~ ~ ( 0 )  u30 = coo. Then 

2 2 B B-A 2 a -a < - -  
0 3  C C-A @2 

I n s e r t i o n  of (37) i n t o  (39) then shows t h a t  

2 2, B B-A 2 A B-A 2 
@o -w3 C C-A w20  C C-B ?lo + - -  

(39)  

A s  before, i f  cu3 changes s i g n ,  it must go through t h e  value zero, so 
t h a t  i f  it does 

Thus 
2 > B B-A 2 A B-A 2 

wO C C-A O 2 0  C C-B Lulo + - -  

i s  a s u f f i c i e n t  condi t ion  t h a t  u3 s h a l l  no t  change s ign .  Now by 

(38) 
2 2 B B-A 2 

Lu3 -ao < - - C C-A 

A l s o ,  by i n s e r t i n g  (37) i n t o  (38), w e  f ind  

2 2 A C-A 2 
L u 3 - O o  > - - -  B C-B @ l o  

A C-A 2 
B C-B *lo' and - - B B-A 2 

C C-A @20 Thus lWo2-(oo2\ i s  less than e i t h e r  of - - 

(43 1 

(44 1 

so t h a t  it less than  t h e i r  sum. Accordingly 

-8- 



With use  of 

and imposit ion of t he  condi t ion  (42 ) ,  which makes \ c o o + u 3 ~ > ~ c o o ~  
w e  have 

Then (42 ) ,  (45) ,  and (47) y i e l d  

2 B B - A  2 . A -  2 
C C-A C C-B 

(Luo-co3) < - - 

Addition of (36) ,  ( 3 7 ) ,  and (48) then  g ives  

2 2  
cul +a2 +(co3-coo) 20 

(49) 

The condi t ion  A<B<C i s  not s u f f i c i e n t  t o  tel l  whether [ 1 or 
[ l 4  i s  the  l a r g e r .  

3 
W e  t h e r e f o r e  rewrite (49) a s  

2 2 Then, s ince co2i < 6 and co12 < b2 i f  co10+co2:<62, w e  have 

2 
-03 ) 2  < € , w2 +(Lo3 0 

2 2  

if 

where 
-1 6 = €  l + B B - A + B C - B + _ -  A C-A 

2[ C C-A A C-A + ~ ~ ]  (53) 

-9- 



2 2  Again, with the assumption 8 <cDo , the relations (52) and (53) 
guarantee the fulfillment of the proviso (42), so that the lat- 
ter may be dropped, as an independent requirement. To show this, 
note that if E2<LU0 , ( 5 2 )  and (53) lead to 2 

2 2 2  
2+(13 

B B-A + B C-B 
+ C C-A A C-A C C-B E 3) ((%O 20)<c '"0 

A C-A U3" (1+ - - 
(54) 

Then 

2 < u3 < wo B B-A 2 A B-A 2 
C C-A cu20 C C-B culo + - -  - -  

But this is simply (42), so that the statement is true. Then, 
for arbitrarily small E, the cu-point * will always remain inside 
a sphere of radius ~ < 1 ( 1 3 ~ \  with center(O,O,oo), if it lies ini- 
tially inside a like-centered sphere of radius 

1 
r 7 -  7 

+ C-B + A + - __ A C-A C C-B B C-B 

(55)  

Thus €ree rotation about the axis of largest moment of inertia 
is Liapounov-stable. 

6. Free Rotation about the Intermediate Axis lB 
If the w-point ,-u is initially at (O,wo,O), it remains unchanged. 

If it is initially at (~10,wo,~30), the motion is unstable, The 
constancy of L2 and T, however, is not sufficient to demonstrate 
this instability. 

To see why, note that the constancy of L2 ,-u and T applies 
for all values of the time t, including those values so close to 
t=O that c u 2 h o ,  cul&lo, and 0 3 ~ 3 - 0 ~ ~ .  That is, any conclusion that 
we can deduce from the constancy of L2 ,-u and T will have to hold 
also for values of 

* 

# 2 
which are arbitrarily small for arbitrarily small values of LU 10 

2 and ~030' 

-10 - 



On t h e  other  hand, t o  show L - i n s t a b i l i t y ,  w e  should have 
t o  show t h a t  t h e r e  e x i s t s  a p o s i t i v e  number t h a t  R ( t )  can ex- 
ceed a s  t inc reases ,  no matter  how small a value w e  choose f o r  
a non-vanishing R ( 0 ) .  Clear ly  w e  cannot do so by using r e l a -  
t i o n s ,  such a s  t h e  constancy of L and T,  t h a t  a r e  independent 
of t h e  t i m e .  

7 .  Necessary Conditions f o r  L -S tab i l i t y  

t h e  constancy of L2 and T ,  we  should simply have t o  deny t h e m  t o  
obta in  s u f f i c i e n t  condi t ions  f o r  L - i n s t a b i l i t y .  W e  have j u s t  seen, 
however, t h a t  w e  cannot de r ive  s u f f i c i e n t  condi t ions  f o r  L - i n s t a b i l i t y  
from t h e  constancy of L2 and T. 

s a ry  condi t ions  f o r  L - s t a b i l i t y  from t h e  constancy of L2 and T. 

2 
* 

I f  we  could de r ive  necessary condi t ions  for L - s t a b i l i t y  from 

% 

Therefore w e  cannot de r ive  neces- 
Q 

Q 

8. A ~ p l  i ca t ions  

( a )  S t a b i l i t y  of Rotation about t h e  1 Axis 
A- 

Le t 

Then from (34) 

2 h2 =s 

A/C 1 - 

‘12 B/C E 1 - 

2 
€ < -  
2 

(58.1) 

(58.2) 

(59) 

I f  w e  consider t h e  case of a uniform ob la t e  spheroid,  f o r  
which A=B<C, i n i t i a l l y  r o t a t i n g  about an a x i s  1 perpendicular 
t o  i t s  a x i s  of symmetry, then ql=q2 and 6=0. 
prove s t a b i l i t y  of r o t a t i o n ;  t h e  r e s u l t  i s  i n  agreement with our 
knowledge t h a t  the r o t a t i o n  i s  unstable .  

f o r  which A<B=C, i n i t i a l l y  r o t a t i n g  about i t s  a x i s  lA Of SYm- 
metry, then q2=0 and 

A 
W e  cannot then 

I f  w e  now consider t h e  case of a uniform p r o l a t e  spheroid,  
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Thus 
1 

For A=B, however, (50) g ives  

I n s e r t i o n  of  (69) i n t o  (68) then shows t h a t  

a < aiJ" 

To es t imate  the  e f f e c t s  of a x i a l  asymmetry of the  Earth,  
note  t h a t  t h e  theory of p o t e n t i a l  g ives  

1 
B-A -1 2+S 2 )Z 10-3 

4[.- y] = J2 ( C 2 , 2  2 , 2  

Here J2 i s  t h e  c o e f f i c i e n t  of t h e  second zonal harmonic i n  the  
sphe r i ca l  harmonic expansion of t h e  E a r t h ' s  g r a v i t a t i o n a l  poten- 
t i a l ,  C 2 , 2  and S 
t e r m s ,  Thus 

a r e  t h e  c o e f f i c i e n t s  oE s e c t o r i a l  harmonic 
2 , 2  

a s  compared with 

- - , - u - - -  B C-B A C-A 
A C-A B C-B nJ ,-u 1, (73) 

so t h a t  by (50) a x i a l  asymmetry cannot change t h e  f a c t o r  2 i n  (69) 
o r  the  f a c t o r  i n  (70) by more than a f e w  percent ,  even i f  we  
a l low fo r  some e r r o r  i n  t h e  es t imate  i n  ( 7 1 ) .  

I f  t h e  Earth w e r e  t r u l y  a r i g i d  body, r o t a t i n g  f r e e l y ,  t h e  
angular dev ia t ion  of i t s  instantaneous polar  a x i s  from the  nearby 
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p r i n c i p a l  a x i s  could then not  i nc rease  from a given i n i t i a l  value 
by more than  t h e  f a c t o r  $z 2 1.4. 
f o r  po lar  wandering on p.34 of V o l .  1, S.A.O. Spec ia l  Report 
200 (1966) shows t h a t  t h e  a c t u a l  po lar  motion i s  very d i f f e r e n t .  
The polar  wandering i s  c l e a r l y  much g r e a t e r  than t h a t  which 
could occur i f  t he  p r i n c i p a l  a x i s  w e r e  f ixed  and t h e  above 
f a c t o r  $z w e r e  va l id  f o r  t h e  a c t u a l  e a r t h .  The conclusions 
of t h i s  paper a r e  thus  compatible w i t h  and reenforce t h e  idea  
t h a t  one must invoke non-r ig id i ty  t o  expla in  po la r  wandering. 

The presen t  paper had i t s  o r i g i n  i n  d iscuss ions  with 

D r .  S. J. Madden, Jr . ,  who f i r s t  thought of using E q s .  (4) 

through ( 6 )  t o  i n v e s t i g a t e  s t a b i l i t y  of r o t a t i o n .  D r .  Andre' 
Depri t  a l s o  contr ibuted some very h e l p f u l  comments. 

A mere glance a t  t h e  f i g u r e  

/ 
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NOTATION 

A 

B 
C 

c2,2 

L 
cc, 

J2 

T 

S 
2,2 

u3 
a 

w2 

033 

okO 

0 o 

smallest principal moment of inertia 
intermediate principal moment of inertia 
largest principal moment of inertia 
a sectorial coefficient in the spherical harmonic ex- 
pansion of the Earth's gravitational potential 
total angular momentum of rotation 
coefficient of the second zonal harmonic of the 
Earth's potential 
kinetic energy of rotation 
a sectorial coefficient in the expansion of the 
Earth I s  potential 
abbreviation used only in (30) and (31) 

abbreviation used only in (54) and (55)  

angle between Earth's instantaneous axis of rotation 
and the nearest principal axis 
an initial value of a 

a final value of a 

an arbitrarily small radius in o-space 
a small radius in cu-space ( 6 < ~ )  
1 -A/C 

cc, 

cc, 

angular velocity of rotation at time t 
unit vectors along the principal axes 

component of o along lA 

B component of o along 1 

C component of cu along 1 

cc, 

,-u 

cc, 

value of ok(0), when considering stability of 
rotation about the k'th principal axis 

1 


